Photon production by an oscillating medium predicted in [I. Bialynicki-Birula, Z. Bialynicka-Birula, Phys. Rev. A 78 (2008) 042109] is analyzed for a uniformly accelerated medium. The density of produced photons is found analytically in terms of Legendre functions. Under normal laboratory conditions the effect is extremely small.
Introduction
Accelerated charges radiate electromagnetic waves. This phenomenon has a well established description in classical and in quantum theory. It is quite obvious that a collection of charges would radiate even if they form a neutral system -cancellation of radiation from all the constituents would require fine tuning. Such a fine tuning is automatic when the charge distribution is perfectly ''smoothed out"; there are no sources on the right hand side of the Maxwell equations so that radiation cannot be created out of nothing. In other words, the destructive interference of radiation from all sources produces null effect.
In this paper we consider the simplest ideal situation when the charge distribution results only in the replacement of the vacuum values of 0 and l 0 by the values of and l in the medium which are constant in space and in time. In other words, we consider an infinite homogeneous medium. The motion of such a medium, at first thought, would seem to produce no radiation and indeed this conclusion is fully supported by the classical Maxwell equations. They lead to the conclusion that the flux of the Poynting vector through an arbitrary closed surface is zero: no radiation in -no radiation out.
The situation changes dramatically when quantum effects are taken into account. According to quantum theory, the vacuum is filled with virtual photons and their excitation may produce real photons. This phenomenon falls under a general category of the dynamical Casimir effect -a mature field that was summarized in several extensive review papers [1] [2] [3] [4] . Most investigations of the dynamical Casimir effect deal with [4] ''a generation of photons from vacuum due to the motion of uncharged boundaries". In our investigation we do not assume any boundary conditions responsible, like in the original static Casimir effect, for the appearance of the effect. Instead, we consider an accelerated infinite homogeneous medium. This is sufficient to obtain photons production. In spite of different causes it is still the manifestation of the dynamical Casimir effect, because photons are produced by motion (moving medium instead of moving mirrors). This is a continuation of the line of investigation started long time ago. In our previous papers we studied this effect in three cases. In [5] we considered time-varying characteristic parameters of the medium. In [6] we evaluated the production of photons by an accelerated body of finite extension and in [7] we did this for an infinite oscillating medium. The mechanism responsible for the production of photons in the first two cases is similar. The motion of a finite body introduces effectively time-varying material constants. In contrast, in the case of an infinite homogeneous medium the material constants do not depend on time but the photon production is due solely to the time dependence of the constitutive relations. Here we apply the methods developed in [7] to treat another problem, a uniformly accelerated medium. Also in this case we can obtain explicit solutions and the analysis can be carried out in all detail. Photon production, albeit very small, does take place. A surprising result of our analysis is that photons are produced preferably in the direction perpendicular to the acceleration.
Maxwell equations in a moving medium
In this study we shall use the description of the electromagnetic field in terms of the Riemann-Silberstein (RS) vectors [8] 
where n is the index of refraction. The Minkowski relations can be solved with respect to G:
Substituting this solution into the Maxwell equations we obtain a set of partial differential equations for the components of the vector F:
Under the assumptions that the medium is uniform and the velocity is a function of time only, these partial differential equations can be converted into the following set of ordinary differential equations for the Fourier transform f ðk; tÞ: Since we will be interested in the motion of the medium under constant acceleration, we introduce at this point a unit vector m that specifies the direction of acceleration:
We shall use the distinguished direction m to construct two unit vectors:
where k ? ¼ jk Â mj. These vectors, together with the unit vectork in the k direction form an orthonormal basis:
The decomposition of the vectorf ðk; tÞ in this basis:
yields two simple equations:
x ¼ ck n ;
where h denotes the angle between the vectors k and m. In what follows we shall also use the second order equation for the function f 1 :
The function f 2 can be expressed then as a derivative of f 1 .
Constant acceleration
We define constant acceleration in a relativistic manner: the second derivative of the trajectory four-vector with respect to proper time s has a constant length:
and a fixed spatial direction. Constant acceleration can also be defined as having the same value in all instantaneous rest frames. This motion is called hyperbolic since the trajectory in space-time lies on a hyperbola, (cf., for example, [11] ). Such an acceleration results from applying a constant force to a body moving according to relativistic equations of motion. The velocity bðtÞ in hyperbolic motion is
We shall assume that the acceleration lasts only for a finite time, from Àt 0 to t 0 and that the medium is at rest at t ¼ 0, i.e. b 0 ¼ 0. The dependence of the velocity on time in this case is depicted in Fig. 1 . In the nonrelativistic limit, the velocity becomes linearly dependent on time.
In the past and in the future the medium moves with constant velocity and this fact will help us to relate our results to those obtained by applying the standard rules of quantization. To prepare the ground, we introduce a different decomposition of electromagnetic field. Instead of linear polarization, we use the basis vectors ðe; e Ã Þ connected with our previous orthonormal basis through the relation (r is a real parameter to be specified later):
In this basis we have:
and Eqs. (17b) become:
The advantage of using the decomposition into f þ and f À is best seen in the case of time-independent velocity. Then if we chose the value of the parameter as r ¼ ða=jÞ 
, and x 0 ¼ ckcb cosðhÞ.
Quantization of the electromagnetic field in a moving medium
Since the field operator b F ðr; tÞ in the Heisenberg picture and the classical RS vector Fðr; tÞ satisfy the same Maxwell Eqs. (2a),(2b), we can write down the solution for the field operator in terms of two operatorsf AE ðk; tÞ that obey Eqs. (25b):
From the canonical equal-time commutation relations:
we obtain:
Opposite signs in Eqs. (30a) and (30b) imply thatf þ ðk; tÞ plays the role of the annihilation operator of one type of photon, whilê f À ðk; tÞ plays the role of the creation operator of another type of photon. The identification of the creation and annihilation operators solely on the basis of commutation relations [7, 12] is necessary when the field equations contain explicit time dependence and the separation into positive and negative frequency parts cannot be done. Moreover, there are cases when the sign of the frequency does not go along with the separation into creation and annihilation operators. This happens when the quadratic Hamiltonian after diagonalization contains both positive and negative parts. In our case, in the regions of constant velocity the Hamiltonian has the form:
If the velocity b exceeds the speed of light in the medium, one of the frequencies x AE becomes negative when the angle h obeys the condition:
Photon production in a uniformly accelerated medium
The photon production will be described according to the following scheme. The creation and annihilation operators in the past and in the future are related by the evolution Eqs. (25b). According to Eq. (27), the time dependence of these operators for t < Àt 0 and for t > t 0 is harmonic:
where we have introduced the standard normalization of the creation and annihilation operators. Let us introduce the subscripts in and out to label the creation and annihilation operators in the past and in the future. 
are determined by two solutions of the classical Eqs. (25b). These solutions are specified by the following set of initial conditions:
The functions g are defined as follows:
The appearance of a nontrivial Bogoliubov transformation implies the production of photons since the vacuum state annihilated by the in operators is different from the vacuum state of the out operators. To determine the number of photons created during the accelerated motion we define the initial vacuum state j0i ¼ j0
in i annihilated by all incoming annihilation operators:
and from the Bogoliubov transformation (34a),(34b) we calculate the expectation value of the number of the outgoing photons:
The divergent factor d 3 ð0Þ arises from the infinite volume of space. The symmetry of the Eqs. (25b) implies that both types of photons are produced with the same probability:
where n a and n b denote densities of photons in phase space.
Evaluation of the photon number density
Our choice of the velocity function:
suggests the use of a dimensionless time parameter at=c. It turns out that an additional multiplier is also convenient because this further simplifies the equations. Thus, we define the dimensionless time parameter s as
and obtain the following formulas for the functions appearing in the equation of motion:
The second order Eq. (19) for f 1 ðsÞ becomes:
Instead of the argument k we introduced the two parameters b and h that enter the equation. The dots denote now the derivatives with respect to s. After the change of the variable z ¼ ıs, the Eq. 
Therefore, the general solution of Eq. (43) can be expressed in terms of the Legendre functions: 
Since the argument of the Legendre functions in our case is purely imaginary, we need these functions defined in complex plane with two cuts ðÀ1; À1Þ and ð1; 1Þ. One must exercise care in dealing with these functions since the most commonly used Legendre functions [13] [14] [15] differ by some factors from the Legendre functions that we employ.
The integration constants C 1 and C 2 are determined by the initial conditions (35b). To make use of these conditions, we need the relations (24b) and the expression for f 2 in terms of Legendre functions,
The initial conditions expressed in terms of f 1 and f 2 are
The equations for the integration constants can be cast into the form:
where
The solution of these equations is 
To obtain an explicit expression for the density of the photons produced by the accelerated motion from time Àt 0 to t 0 we have to insert the integration constants (55b) into the formulas (47) and (50) 
The resulting long expression is somewhat simplified after the elimination of the Legendre functions of the second kind with the use of the relation [13] 
